Abstract. We prove certain identities between relative Bessel functions attached to irreducible unitary representations of PGL 2 pCq and Bessel functions attached to irreducible unitary representations of SL 2 pCq. These identities reflect the Waldspurger correspondence over C. We also prove several regularity theorems for Bessel and relative Bessel distributions which appear in the relative trace formula. This paper constitutes the local spectral theory of Jacquet's relative trace formula over C.
1. Introduction 1.1. Motivations. There is a pair of exponential integral formulae of Weber and Hardy on the Fourier transform of Bessel functions on the real numbers. Let epxq " e 2πix .
Weber's formula is as follows, when |Re ν| ă 1. Here J ν and K ν are Bessel functions (see [Wat] ). In the work [BM2] of Baruch and Mao, the formulae (1.1) and (1.2) are used to establish an identity between the relative Bessel functions for PGL 2 pRq and the Bessel functions for Ă SL 2 pRq and hence a correspondence from irreducible unitary representations of PGL 2 pRq to irreducible genuine unitary representations of Ă SL 2 pRq. This correspondence is exactly the Shimura-Waldspurger correspndence over R! Completely analogous results for the non-archimedean case were obtained in [BM1] . These results fit into the theory 2010 Mathematics Subject Classification. 22E50, 33C10.
The first author is supported by the National Natural Science Foundation of China [Grant 11771131]. 1 of the relative trace formula developed by Jacquet and constitute the local (real and nonarchimedean) spectral theory that complements the global theory in [Jac] . Ultimately, the Waldspurger formula over a totally real field was obtained and used to study the central value of PGL 2 automorphic L-functions in [BM3] .
Recently, it is proven in [Qi2, Qi3] 16y 2 e 2iθ˙, (1.3) for y P p0, 8q and θ P r0, 2πq, provided that |Re µ| ă 1 2 and m is even. J µ,m pzq is the Bessel function over the complex numbers defined as in §4. 1 .
In this paper, we shall use the formula (1.3) to establish the Bessel identity for the Shimura-Waldspurger correspndence over C. This completes the local spectral theory of the relative trace formula of Jacquet, complementary to [BM1] and [BM2] . As application of this paper, we wish to further generalize the Waldspurger formula onto an arbitrary number field.
Main theorem.
We now give a sample of the Bessel identities that we obtain. Let
Let ψ 1 pzq " epTr zq, viewed as a character on N. Let π be an infinite-dimensional irreducible unitary representation of GL 2 pCq with trivial central character (that is, a representation of PGL 2 pCq). We attach to π the relative Bessel function i π,ψ 1 on GL 2 pCq which is left A-invariant and right pψ 1 , Nq-equivariant. i π,ψ 1 is real analytic on an open subset of the Bruhat cell in GL 2 pCq. Let σ be an irreducible unitary representation of SL 2 pCq. We attach to σ the Bessel function j σ,ψ 1 on SL 2 pCq which is both left and right pψ 1 , Nq-equivariant. j π,ψ 1 is real analytic on the open Bruhat cell in SL 2 pCq. We stress that π or σ is determined by i π,ψ 1 or j σ,ψ 1 respectively. Our main theorem of this paper (see Theorem 8.2) is as follows. Theorem 1.1. Let π be as above. There exists σ as above such that for any z P C t0u we have
in which Lpπ, 1{2q and ǫpπ, 1{2q are the central values of the L-factor and the ǫ-factor associated with π.
To be precise, the correspondence in Theorem 1.1 is given by π µ,m ÝÑ σ 1 2 µ, 1 2 m , for µ P iR, m even, or µ P`0, 1 2˘, m " 0, reflecting the index correspondence pµ, mq ÝÑ`1 2 µ, 1 2 m˘between the Bessel functions on the two sides of (1.3). See §2.2 for the definitions of π µ,m and σ µ,m . We shall prove a more general identity between i π,ψ and j σ,ψ 1 for any two nontrivial characters ψ and ψ 1 . The correspondence π Ñ σ turns out to be exactly the Waldspurger correspondence π Ñ Θpπq. However, unlike the real case as in [BM2] , the correspondence is now independent on ψ 1 .
1.3. Remarks. Admittedly, the Waldspurger correspondence over C is tremendously simpler than that over R, because all the double covers of SL 2 pCq are isomorphic to the trivial product SL 2 pCqˆt˘1u. Moreover, the representation theory of GL 2 pCq or SL 2 pCq is simpler as discrete series do not exist.
Our expositions would be simplified if we view PGL 2 pCq as PSL 2 pCq and work only on SL 2 pCq. Nevertheless, we choose to work in the framework of the representation theory of GL 2 pCq in order to preserve the analogy between this work and [BM2] .
As the formula (1.3) is the foundation of this paper, we now make some remarks on its analytic perspective and applications.
The proof of (1.3) in [Qi3] is considerably harder than that of (1.1) or (1.2). Interestingly, besides an incorporation of stationary phase and differential equations, also arise in the course of proof certain complicated combinatorial formulae.
It is the distributional variant of (1.3) (see (6.1)) that we shall use to deduce the formula of the relative Bessel function i π,ψ . Critical is that the test function in (6.1) only needs to be rapidly decaying at infinity but not zero. By using this variant, we may completely avoid the analysis of differential operators in [BM2] .
Notations and preliminaries
2.1. Basic notations. Let G " GL 2 pCq and S " SL 2 pCq. Let B, A and Z denote the Borel subgroup of upper triangular matrices, the diagonal subgroup and the center of G respectively. Set
Recall that epxq " e 2πix . For λ P C, let ψ " ψ λ be the additive character of C defined by ψ λ pzq " epTrpλzqq " epλz`λzq.
We also view ψ as a character of N by ψpnpzqq " ψpzq. Let }z} " |z| C " |z| 2 . Take dz " d λ z to be 2 a }λ} times of the Lebesgue measure on C, which is self-dual with respect to ψ. Set
For f P L 1 pCq, we define the ψ-Fourier transform of f as
With our choice of measure dz, the Fourier transform is self-dual, namely, p p f puq " f p´uq.
2.2. Representations of GL 2 pCq and SL 2 pCq. For z P Cˆ, let rzs " z{|z|. Denote by χ ν,l the character of Cˆgiven by
with ν P C and l P Z. According to Langlands' classification for G, any irreducible admissible representation of G may be parametrized by For µ P C, m P Z, we let π µ,m denote the principal series of G with parameter µ,´µ, Hence follows the integrability of the first integral for all x P C and it is equal to the Fourier transform of the function |a|´1 f paqW ptpaqq. The identity in the lemma then yields the equality between the Fourier transform of |a|´1 f paqW ptpaqq and that of |a|´1gpaqW ptpaqq. It follows that f paqW ptpaqq " gpaqW ptpaqq for all a P Cˆ.
Q.E.D.
Bessel and relative Bessel distributions for GL 2 pCq
Let x, y be a G-invariant nonzero inner product on H. We can normalize the Whittaker functional L so that
3.1. The normalized torus invariant functional. We define
in which the normalization factor Lpπ, 1{2q is the central value of the L-function for π (see for example [Kna, §4] ). Since W ptpaqq is rapidly decreasing at infinity and is of order |a| ρ for certain ρ ą 0 when |a| is small, the integral above is absolutely convergent. Moreover, it may be verified that P is a well defined nonzero continuous linear functional on H 8 satisfying Ppπpa" Pp q, a P A, P H 8 .
Hence P is the nonzero unique up to scalar continuous linear functional with the above invariance property.
Bessel and relative Bessel distributions.
For every continuous linear functional λ on H 8 and every f P C 8 c pGq, the map Ñ λpπp fis continuous on H by [Sha, Proposition 3.2] . By the Riesz representation theorem, there exists a unique vector λ, f such that
Then we define the Bessel distribution by
and the relative Bessel distribution by
Let ρ l denote the left translation of functions on G, namely,
, and hence
Finally, we define Bessel distributions for S in the same manner. Let pσ, Hq be a unitary representation of S . Let L be a nonzero continuous ψ-Whittaker functional on H 8 . Similar as above, for any
Then one can define similarly the Bessel distribution J σ,ψ on S associated with σ by
Bessel functions for GL 2 pCq
Bessel functions for PSL 2 pCq were first discovered by Bruggeman and Motohashi [BM5] , and later by Lokvenec-Guleska [LG] for SL 2 pCq, arising in their Kuznetsov trace formulae (Bessel functions for spherical representations of SL 2 pCq however appeared much earlier in the work of Miatello and Wallach [MW] ). Recently, the second author rediscovered Bessel functions for GL 2 pCq as an example of the Bessel functions for GL n pCq occurring in the Voronoï summation formula; see [Qi4, §3, 15, 17, 18 ]. In the representation theoretic aspect, most important is a kernel formula in [Qi4, §18] for the action of the Weyl element in the Kirillov or Whittaker model of an irreducible unitary representation of GL 2 pCq. This action is given by the Hankel transform over Cˆwith integral kernel the associated Bessel function. Such a kernel formula for GL 2 pRq and GL 2 pCq lies in the center of the representation theoretic approach to the Kuznetsov trace formula; see [CPS] and [Qi5] . In the case of GL 2 pRq or SL 2 pRq, there are three proofs of the kernel formula in [CPS, §8] , [Mot1] and [BM2, Appendix 2] . Methods in the latter two proofs were generalized onto SL 2 pCq in [BM4, Mot2] and [BBA] , but there are unpleasant restrictions on both of them due to some convergence issues. In [BM4] , an integral representation of the Bessel function is used but it is valid only for |Re µ| ă 1 8 . In [BBA] , it requires that Re µ ‰ 0 and that the functions in the Kirillov model are compactly supported. 1 The approach in [Qi4] is quite different. It is based on the sophisticated harmonic analysis by gamma factors and the Mellin transforms (see [Qi4, [1] [2] [3] ). Also the ideas in [CPS, §8] are followed and generalized in [Qi4, §17] to GL n pRq and GL n pCq.
4.1. The definition of J µ,m pzq. Let µ P C and m P Z. We define
The function J µ,m pzq is well defined in the sense that the expression on the right of (4.1) is independent on the choice of the argument of z modulo 2π. Next, we define
where ? z is the principal branch of the square root, and it is understood that in the nongeneric case when 4µ P 2Z`m the right hand side should be replaced by its limit. J µ,m pzq is a well defined function on Cˆonly when m is even, but it becomes well defined after 
with the implied constant depending only on µ, ρ and m. In particular,
4.2. Bessel functions for GL 2 pCq. As defined in §2, let π " π µ,m be the principal series representation of G " GL 2 pCq, and, for λ P Cˆ, let ψ " ψ λ be a nontrivial additive character on N. The central character ω π pzpcqq " c{|c| if m is odd and ω π pzpcqq " 1 if m is even. We define a function j " j π,ψ supported on the open Bruhat cell X " B 0 B such that 3 and that j π,ψ is left and right pψ, Nq-equivariant and also pω π , Zq-equivariant, namely,
As an easy consequence of (4.4) and (4.5), we have the following formula. 2 Note that (2.23) in [Qi3] holds only for generic µ but one only loses a log |z| for non-generic µ. We extend the definition of j to the whole group G by setting jpgq " 0 for g R X. Proof. Recall that the measure on X " NA 0 N is given by dg " |a|´2dx dˆa dˆcdy if g " npxqzpcqtpaq 0 npyq. We have ż
where J`?a, c, | f |˘is the orbital integral defined as in (A.1). In view of Proposition A.1, the inner integral over c is zero for small |a| and of the order |a| 1`ε for large |a|. In view of Lemma 4.1 and the expression of j " j π,ψ as in (4.3), jptpaq 0 q is bounded by |a| 1 2 when |a| is large. It is now clear that the integral above is convergent.
Bessel distributions for GL 2 pCq
In this section, we show that the Bessel distribution J " J π,ψ is represented by the Bessel function j " j π,ψ . 
Thus it follow from (3.3), (3.4) and (2.2) that L,ρ r ptpaqq f " πptpaqq L, f and Jpρ r ptpaqq f q " W L, f ptpaqq. Hence, in view of (3.1), we have ż
On the other hand, by (3.3) and (2.2),
which finishes the proof.
Q.E.D.
Recall the definition of the Bessel function j " j π,ψ in the last section. We define a distribution r
This distribution is well defined as we have proven in Proposition 4.4 that j π,ψ pgq is locally integrable on G.
Lemma 5.2. 4 Let P H 8 and f P C Proof. We have ż r Jpρ r ptpaqq f qW ptpaqqdˆa
Here we have obtained the last equality from (4.2) in Theorem 4.2. It is however needed to justify the change of order of integrations in the second to the last equality. For this, it suffices to verify the absolute convergence of the integral in the third line. Note that ż X | f pgq jpgtpa´1qq|dg 4 Lemma 5.2 is stronger than Lemma 7.2 in [BM2] as our computation shows that it is not necessary to assume that W ptpaqq has a high order of vanishing at a " 0. Finally, recall that W ptpaqq is rapidly decreasing at infinity and of the order |a| ρ near zero for certain ρ ą 0, then follows the absolute convergence of the integral. Q.E.D. for all a P Cˆ. Letting a " 1, the conclusion follows immediately. Q.E.D.
Let σ " σ µ,m and π " π µ,m be unitary principal series of S and G respectively; see §2.2. Recall that σ is the restriction of π on S . Let H be their common underlying space. Let L be a fixed common ψ-Whittaker functional. Let the Bessel distribution J σ,ψ be defined by (3.7, 3.8) . We now prove that the Bessel distribution J σ,ψ is represented by the restriction of the Bessel function j π,ψ to S . As such, we shall write j σ,ψ the restriction of j π,ψ on S .
Proof. Fix h P C On the other hand, since σ is the restriction of π to S , we may prove in a similar fashion that πp f q " σphq for any P H. Precisely, ż
In view of the definitions in §3, it follows that L, f " L,h and that J π,ψ p f q " J σ,ψ phq. The proof is now completed. Q.E.D.
For h P C This orbital integral was studied by Jacquet. In particular, it is proven in [Jac] that the integral in (5.1) converges absolutely for all g P X X S " NpA X S q N. In view of Proposition 5.4, along with (4.8), for h P C 8 c pS q we have
Relative Bessel functions for GL 2 pCq
In this section, we prove that relative Bessel distributions can be represented by real analytic functions on U " ApN t0uq 0 N. This follows directly from (the distributional version of) an explicit formula in [Qi3] (see (1.3) and (6.1) below) for the Fourier transform of the Bessel function J µ,m pzq.
Unlike [BM2] , the distributional integral formula in [Qi3] would enable us to prove the regularity of relative Bessel distributions on the whole open Bruhat cell X " AN 0 N rather than its open dense subset U. Furthermore, with this observation, our proof of the full regularity of relative Bessel distributions on G becomes tremendously easier compare to the approach in [BM2] . See §7 for the details. and m is even, we have ĳ
if f is a Schwartz function on C. Note that there is abuse of the notation dz, as dz in this article denotes 2|λ| times of the Lebesgue measure on C.
It is critical that the test function f in (6.2) only need to be Schwartz on C and rapid decay or vanishing at 0 is not required. We also remark that the deduction from (1.3) to (6.1) is not so straightforward; see [Qi3, §6] for more details.
Recall from (2.1) that the Fourier transform with respect to the additive character ψpzq " ψ λ pzq " epTrpλzqq is defined by
Thus, in view of (4.3), the identity (6.1) may be rephrased as ż
if f is a Schwartz function on C.
6.2. Relative Bessel functions for GL 2 pCq. Let π be an infinite-dimensional irreducible unitary representation of G " GL 2 pCq with trivial central character. So if π " π µ,m then m is even. Let J " J π,ψ and I " I π,ψ be the normalized Bessel and relative Bessel distributions defined as in §3. Recall the formula (3.6), Proof. Let dg " dˆa dˆcdx dy be a Haar measure on X for g " tpaqzpcqnpxq 0 npyq. In view of (4.4) and (6.4), the integral on the left hand side of (6.5) splits into the product ż
We claim that the last double integral converges absolutely. Hence we may change the order of integrations and the variable b to b{a, getting ĳ f 1 pabq jptpaq 0 q p f 3 paqdˆadˆb "
We now show the absolute convergence. Choose |Re µ| ă ρ ă 
Since p f 3 paq is rapidly decreasing when |a| is large, it follows that the value of the integral above is rapidly decreasing when |b| is small. When |b| is large the integral is bounded by |b| 2ρ´1 . It is then clear that integrating further with dˆb " db{|b| 2 will converge absolutely at both 0 and 8. Q.E.D.
Combining (6.2), (6.3) and (6.5), it follows that if we define a function i " i π,ψ supported on U such that i π,ψ pnpxq 0 q " Lpπ, 1{2q´1¨e pTrpλ{2xqq |λ{2x| J 1 2 µ, 
Regularity of relative Bessel distributions
In this section, we prove that the relative Bessel distribution I " I π,ψ is given by the integration against the relative Bessel function i " i π,ψ on the full group G.
Since we have already proven in §6 the regularity of I on X, Proposition 2.10 in [Sha] is now directly applicable to deduce its full regularity on G. In particular, we may avoid the introduction of differential operators and almost all the arguments in §5 of [BM2] . This simplification of course works in the real context as in [BM2] .
We begin with the local integrability of i on G. Recall that i is set to be zero outside U " ApN t0uq 0 N. Proof. Let T be the distribution on G defined by the difference T " I´r I. First, in view of (6.8), I and r I coincide on X, so T is supported on the Borel B " G X. Second, it is clear that T satisfies ρ r pnpyqqI " ψpyqI. Third, we claim that T is an eigen-distribution of the Casimir element ∆ in the universal enveloping algebra of the Lie algebra of G. To see this, we first note that I is an eigen-distribution of ∆ according to [Sha, §3] , that is, ∆I " κI (κ P C). As aforementioned, I is represented by the (real analytic) function i when restricted on U, so i is an eigen-function of ∆ on U. Precisely, we have ∆i " κi, which further implies ∆ r I " κ r I. The third claim is now proven. Under the three conditions above, by [Sha, Proposition 2.10], we must have T " 0.
Finally, for f P C It is proven in [Jac] that the integral in (7.1) is converges absolutely for any g P U " ApN t0uq 0 N. In view of Proposition 7.1 and 7.2, along with (6.7),for f P C 8 c pGq we have
The Bessel identities over C
We are now ready to establish the Waldspurger correspondence between irreducible unitary representations of G " GL 2 pCq with trivial central character (that is, representations of PGL 2 pCq " G{Z) and irreducible unitary representations of S " SL 2 pCq from the identities between their Bessel functions.
Fix the nontrivial additive character ψ " ψ λ of C defined by ψpzq " epTrpλzqq. for all z P Cˆ.
The following theorem is the main theorem of this paper. Proof. The proof is a simple comparison between the formulae (4.7) and (6.6). To verify the equality, it should be noted that by [Kna, (4. 7)] and [Tat, §3] we have ǫpπ, s, ψ λ q " i |m| ω π pλq}λ} 2s´1 if π " π µ,m , and hence ǫpπ, 1{2, ψ λ q " i |m| " p´1q 1 2 m when m is even so that ω π pλq " 1. Note that ǫpπ, 1{2, ψq is actually independent on ψ.
We remark that σ " Θpπq " Θpπ, ψ D q according to the notation of the theta correspondence of Waldspurger [Wal] . Unlike the real case (see [BM2, Theorem 19.2] ), here σ is independent on the additive character ψ D .
Finally, we would like to prove an identity in the level of distributions. It is proven in [Jac] that for each f P C 
Appendix A. Orbital integrals
In this appendix, we state some preliminary analytic results on the pN, Nq and pA, Nq orbital integrals that were needed for verifying the absolute convergence of certain integrals. While the volumn estimates are slightly more complicated (they can still be done in 5 In the paper [BM2] , the more reasonable re-normalizing factor should be a |D| not 1{ a |D|, so their formulae (19.2) and (19.4) need small modifications on the factors involving |D|. the polar coordinates without much difficulty), the proofs are literally identical with those for the real case in [BM2, §4.1, 4.2] and will be omitted here.
